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I n t r o d u c t i o n  

T h i s  p a p e r   d e s c r i b e s   t h e   d e v e l o p m e n t   a n d  
p r a c t i c a l   a p p l i c a t i o n   o f  a f o r m u l a  t o  cal-  
c u l a t e   t h e   s e l f   i n d u c t a n c e   o f  a m u l t i - t u r n ,  
r e c t a n g u l a r   l o o p  of round wire. T h e  m u l t i -  
t u r n   l o o p  is modeled as a number  of  series 
c o n n e c t e d ,   s i n g l e   t u r n   l o o p s   w h i c h   e x h i b i t  
m u t u a l   c o u p l i n g   b e t w e e n   e a c h   o t h e r .   I n d u c -  
t i v e   l o o p   d e t e c t o r s   u s e  a m u l t i - t u r n ,  rec- 
t a n g u l a r  loop which i s  b u r i e d   i n  t h e  road-  
way. When a v e h i c l e   p a s s e s   o v e r   t h e   l o o p ,  
t h e   r e s u l t i n g   i n d u c t a n c e   c h a n g e  i s  coup led  
t o  r o a d s i d e   d e t e c t o r   e l e c t r o n i c s   b y  a t r a n s -  
m i s s i o n   l i n e .  

A n u m b e r   o f   f o r m u l a s   e x i s t   i n   t h e  l i t e r a -  
t u r e  t o  a c c u r a t e l y   c a l c u l a t e   t h e   s e l f   i n -  
d u c t a n c e   o f  a s i n g l e   t u r n ,   r e c t a n g u l a r   l o o p  
o f   r o u n d  wire. T h e   p a p e r   p r e s e n t s  a t u t o r -  
i a l  d e s c r i p t i o n   o f   t h e   t h e o r y  f o r  some o f  
t h e s e   f o r m u l a s .   F o r m u l a s   i n   t h e   l i t e r a t u r e  
f o r   c a l c u l a t i n g   t h e   s e l f   i n d u c t a n c e   o f   m u l t i -  
t u r n   r e c t a n g u l a r  loops a r e  a l so  d i s c u s s e d .  

Background 

Al though  a number of f o r m u l a s   e x i s t   i n  
t h e   l i t e r a t u r e  t o  c a l c u l a t e   t h e   s e l f   i n d u c -  
t a n c e   o f  a m u l t i - t u r n ,   r e c t a n g u l a r   l o o p   i n  
f r e e   s p a c e ,   t h e  more a c c u r a t e   f o r m u l a s  
w h i c h   u s e   a n   e q u i v a l e n t   c u r r e n t   s h e e t  
e i t h e r   i n v o l v e  a number  of terms or r e q u i r e  
t a b l e s .  A s  a r e s u l t   s i m p l e   " r u l e   o f   t h u m b "  
or e m p i r i c a l   f o r m u l a s   h a v e   b e e n   u s e d  t o  
c a l c u l a t e   t a b l e s   o f   l o o p   s e l f   i n d u c t a n c e  
v a l u e s   v e r s u s   l o o p   s i z e .   U n f o r t u n a t e l y ,  
many o f   t h e   c a l c u l a t e d   v a l u e s  are e r r o n e o u s  
b e c a u s e   t h e   s i m p l e   f o r m u l a s   h a v e   b e e n   u s e d  
o u t s i d e   t h e i r   r a n g e  of v a l i d i t y   w h i c h  i s  
n o r m a l l y   n o t   s p e c i f i e d .  

S e l f   I n d u c t a n c e   b y   S e l e c t e d   M u t u a l   I n d u c -  
t a n c e  

T h e   e x t e r n a l  s e l f  i n d u c t a n c e   o f  a l o o p   c o n -  
d u c t o r   w i t h   f i n i t e  cross s e c t i o n a l  area is 
o b t a i n e d   b y   d i v i d i n g   t h e   e x t e r n a l   f l u x  
normal  t o  t h e   e n c l o s e d   l o o p  area by t h e  
c u r r e n t   i n   t h e   l o o p .   I f   t h e   c u r r e n t   d i s t r i -  
b u t i o n   i n   t h e  loop c o n d u c t o r  is  un i fo rm 
( i .e . ,  n o t   d i s t u r b e d   b y   o t h e r   p o r t i q n s   o f  
t h e  loop), t h e   l o o p   s e l f   i n d u c t a n c e  is  
f o u n d   f r o m   t h e   m u t u a l   i n d u p a n c e   b e t w e e n  a 
l i n e   c u r r e n t   i n   t h e   c e n t e r   o f   t h e   c o n -  
d u c t o r   a n d  a l i n e   c i r c u i t   a l o n g  t h e  s u r -  
face of t h e   c o n d u c t o r .  

M u t u a l   I n d u c t a n c e   o f  Pa ra l l e l  F i l a m e n t a r y  
C i r c u i t s  

The   mu tua l   i nduc tance '   be tween  t h e  p a i r  
o f   f i l a m e n t a r y   c i r c u i t s   l o c a t e d   i n   f r e e  
s p a c e   a n d   i l l u s t r a t e d   i n   F i g u r e  1 is: 

where 

Po = p e r m e a b i l i t y  of f r e e   s p a c e  = 4 X x  lo-'  Hy/m 
1 = f i l a m e n t a r y  l e n g t h  ( m )  
d = f i l a m e n t a r y  s p a c i n g  ( m )  

M ( 1 , d )  = m u t u a l   i n d u c t a n c e   ( H y )  

A p l u s   s i g n  is used  when t h e   d i r e c t i o n   o f  
c u r r e n t   i n   t h e   f i l a m e n t s  i s  t h e  same and 
a m i n u s   s i q n  i s  used  when t h e   d i r e c t i o n   o f  
c u r r e n t   i n   t h e   f i l a m e n t s  i s  o p p o s i t e .  
When t h e  f i l a m e n t   l e n g t h  i s  much g r e a t e r  
t h a n   t h e   f i l a m e n t   s p a c i n g  ( i . e . ,  l > > d   w h i c h  
a p p l i e s  t o  t r a n s m i s s i o n   l i n e s ) ,   t h e n :  

M(1,d) = +- k z ' k n  
2r 

where 

1> >d 

J. 

Fig. 1 .  Pair of Parallel Current  Elements 

E x t e r n a l  Se l f  I n d u c t a n c e   o f   S i n g l e  Con- 
d u c t o r  

T h e   e x t e r n a l   s e l f   i n d u c t a n c e   o f   t h e   s i n g l e  
c o n d u c t o r   i n   F i g u r e  2 i s  d e t e r m i n e d   u s i n g  
the   mu tua l   i nduc tance   me thod .   The   conduc-  
t o r  is r e p l a c e d   b y  two, p a r a l l e l   f i l a m e n t -  
a r y   c i r c u i t s   w i t h  a s p a c i n g   e q u a l  t o  t h e  
c o n d u c t o r   r a d i u s , ? .   L e t t i n g  d e q u a l  p i n  
e q u a t i o n  (l), t h e   e x t e r n a l   s e l f   i n d u c t a n c e  
is: 
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When t h e   c o n d u c t o r  i s  l o n g  so t h a t   t h e   e n d  
e f f e c t  is n e g l i g i b l e ,  

where 1>> 

Fig. 2. Single Conductor 

External  Self  Inductance of Conductor Pair  

?he external self  inductance of the  conduc- 
tor pair   in  Figure 3 is given by 

L = % - M 1  
P 2 + L2 - 31 (5) 

?he mutua l  irductance is mims because of 
the cpposing curren ts   in   the  two d u c t o r s .  
Since  the two conductors have the same 
radius, p , and l e q t h ,  1, 

L = % = 5 a r d M = M l 2 =  M21 

since the mutual  inductance is symnetrical. 

Then 

L = 2  ( L - M )  
P (6) 

subs t i tu t ing  equations (1) anjl (3) i n t o  
equation (6), the external   se l f  i rductance 
of the conductor pair   i rc ludirq end ef fec t  

I f   t h e   c o n d u c t o r   p a i r  is embedded i n  a 
medium of r e l a t i v e   p e r m e a b i l i t y ,  Yr, Po 
i n   e q u a t i o n  (7) i s  m u l t i p l i e d  by Pr. If 
t h e   l e n g t h  of t h e   c o n d u c t o r s  i s  much 
q r e a t e r   t h a n   t h e   c o n d u c t o r   s p a c i n q   a n d  
c o n d u c t o r   d i a m e t e r  

where 

1 > >  d 

1 > >  p 

T h i s   e q u a t i o n   c a n   b e   u s e d  t o  c a l c u l a t e   t h e  
i n d u c t a n c e  of a p a r a l l e l  two wire t r a n s -  
m i s s i o n   l i n e .  

d 

Fig. 3 Conductor Pair 

E x t e r n a l   I n d u c t a n c e   o f   S i n g l e   T u r n  
R e c t a n g u l a r  Loop 

The e x t e r n a l   i n d u c t a n c e  of a s i n g l e   t u r n ,  
r e c t a n q u l a r   l o o p  i s  g i v e n   b y   t h e  sum o f  
t h e   i n d u c t a n c e   o f  two p a i r s  of c o n d u c t o r s .  
Then : 

S u b s t i t u t i n g   e q u a t i o n  (7) i n t o   e q u a t i o n  
( 9 )  a n d   c o l l e c t i n g  terms, t h e   e x t e r n a l  
i n d u c t a n c e   o f  a s i n g l e   t u r n ,   r e c t a n g u l a r  

where 

l1 = w i d t h  of l o o p  ( m )  

l2 = l e n g t h  of l o o p  (m) 

T h i s   e q u a t i o n   c a n  be w r i t t e n   i n   m o r e  
compact  form by c o m h i n i n q   l o q a r i t h m s .  
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I n t e r n a l   I n d u c t a n c e   P e r   U n i t   L e n g t h  of a 
C y l i n d r i c a l   C o n d u c t o r  

J o h n s o n '   s h o w s   t h a t   t h e  r a t i o  o f   a c t u a l  
i n t e r n a l   i n d u c t a n c e  t o  l o w - f r e q u e n c y   i n t e r n -  
a 1  i n d u c t a n c e  is g iven   by :  

L i o  = 0.5  x (Hy/m) (14)  

E q u a t i o n s  (11) and   (12 )  were programmed 
o n  a Hewlett Packard   97   p rogrammable  cal-  
c u l a t o r   a n d   t h e   r e s u l t i n g   i n t e r n a l   i n d u c -  
t a n c e   v e r s u s   f r e q u e n c y   f o r   n u m b e r s   1 2 ,   1 4 ,  
and   16  AWG copper wire is p r e s e n t e d  i n  

per meter for  number  14 AWG copper wire 

i n d u c t a n c e   c a l c u l a t i o n s .  

- - 4 [h.;,b>t+ be:,LAj T a b l e  1. A v a l u e   o f   0 . 0 3 6  micro H e n r i e s  
11) Lie 7 (be';l)' +. a t  47 KiloHertz was u s e d   f o r  a l l  loop 

where  

where  A 

S e l f   I n d u c t a n c e  of S i n g l e   T u r n   R e c t a n g u l a r  
Laop 

The self i n d u c t a n c e  of a s i n g l e   t u r n  rec- 
t a n g u l a r  loop  is  g i v e n   b y   t h e  sum o f   i n t e r n -  
a l  and external i n d u c t a n c e   a n d  is: 

L i  = i n t e r n a l   i n d u c t a n c e  (Hy/m) L i O  = 2(11  + 12) L i   ( 1 6 )  

/Jo = p e r m e a b i l i t y   o f   f r e e  space = 4 x x  and Li  is g i v e n   b y   e q u a t i o n  (11) and L ~ O  

/k = r e l a t i v e   p e r m e a b i l i t y   o f  copper wire = 1 
f = f r e q u e n c y  (Hz) 
6 = c o n d u c t i v i t y   o f  copper wire = 0 . 5 8 ~ 1 0  

(mhos/m) p = r a d i u s   o f  wire ( m )  

s = s k i n   d e p t h  ( m )  

Hy/m i s  g i v e n   b y   e q u a t i o n   ( 1 0 ) .  

8 

Lio = (Hy/m) 8Tl- 

f o r  copper wire 
T a b l e  I 

I n t e r n a l   I n d u c t a n c e   v e r s u s   F r e q u e n c y  
for Copper Wire 

Amer ican  
Wire Gauge No: 

1 
5 

1 0  
1 5  
20 
25 
30 
35  
40 
45  
47 
50 
55 
60 
6 5  
70 
75  
80 
8 5  
90 
95  

100  
1 0 5  
110 

1 2   1 4  

I n t e r n a l  
I n d u c t a n c e  

( pH/m) 
0.0500 
0.0493 
0.0473 
0.0445 
0.0414 
0.0385 
0.0358 
0.0351 
0.0315 
0.0298 
0.0216 
0.0283 
0.0270 
0.0259 
0.0249 
0.0240 
0.0232 
0.0225 
0.0218 
0.0212 
0.0207 
0.0202 
0.0197 
0.0193 

I n t e r n a l  
I n d u c t a n c e  

(pH/m) 

0.0500 
0.0497 
0.0489 
0.0475 
0.0459 
0.0440 
0 .0421 
0.0402 
0.0384 
0.0367 
0.0361 
0.0351 
0.0337 
0.0324 
0.0312 
0.0301 
0.0291 
0.0282 
0.0274 
0.0266 
0.0259 
0.0253 
0.0247 
0.0241 

1 6  

I n t e r n a l  
I n d u c t a n c e  

(E/H/m) 

0.0500 
0.0499 
0.0495 
0.0490 
0.0482 
0.0473 
0.0463 
0.0452 
0.0440 
0.0428 
0.0423 
0.0416 
0.0404 
0.0392 
0.0381 
0.0371 
0.0360 
0.0351 
0.0341 
0.0333 
0.0325 
0.0317 
0.0310 
0.0303 
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S i m p l i f i e d   F o r m u l a   f o r   S i n g l e   T u r n   R e c t a n q -  
u l a r  Loop 

From  a combina t ion   of  t h e 0  e t i c a l  and 
e x p e r i m e n t a l  resul ts ,  LINK deve loped  
t h e  fo rmula :  

ti 

L (JH) = 0.5P ( 1 7 )  

where 

P = l o o p  perimeter ( f t )  

An a c c u r a c y   o f  1 0  p e r c e n t  is s p e c i f i e d  
f o r  t h e  f o r m u l a   f o r   t y p i c a l   l o o p   s i z e s .  

In   Appendix I ,  t h e  s i n g l e  t u r n  l o o p  is 
a p p r o x i m a t e d   b y   t w o   s e r i e s   c o n n e c t e d   t r a n s -  
m i s s i o n   l i n e s  which  n e g l e c t  t h e  end e f f e c t  
terms i n  t h e   m o r e   e x a c t   f o r m u l a .  T h e  i n -  
d u c t a n c e   f o r m u l a   f o r  a s i n g l e  t u r n  l o o p   o f  
number 1 4  g a u g e   w i r e  is: 

L (pH) = 0.45P (18) 

The s i z e   o f  t h e  c o e f f i c i e n t  i s  a f u n c t i o n  
o f   t h e  wire g a u g e .   T h e   c o e f f i c i e n t   f o r  
number 2 0  gauge  wire i s  0.49.  

M u l t i - T u r n  Loop I n d u c t a n c e   F o r m u l a s  

T h r e e   f o r m u l a s   a r e   u s e d   t o   c a l c u l a t e   t h e  
i n d u c t a n c e   o f  a m u l t i - t u r n ,  r e c t a n g u l a r  
l o o p .   T h e   f i r s t   f o r m u l a   c a l l e d   t h e   c o u p -  
l i n g   c o e f f i c i e n t   f o r m u l a ,   u s e s  a c o u p l i n g  
c o e f f i c i e n t   t o   a c c o u n t   f o r   l e a k a g e   f l u x .  
T h e   c o u p l i n g   c o e f f i c i e n t  i s  de te rmined  
e x p e r i m e n t a l l y   f r o m   l o o p   i n d u c t a n c e  mea- 
su remen t s .   The   s econd   fo rmula   ca l l ed  t h e  
c u r r e n t   s h e e t   f o r m u l a ,   m o d e l s   t h e   i n d u c t o r  
winding w i t h  a n   e q u i v a l e n t   c u r r e n t   s h e e t .  
The t h i r d   f o r m u l a   c a l l e d   t h e   m u t u a l   c o u p -  
l i n g   f o r m u l a ,   m o d e l s   t h e   i n d u c t o r   w i n d i n g  
a s  a  number  of s i n g l e  t u r n s  connec ted  i n  
s e r i e s  and m u t u a l l y   c o u p l e d   t o   e a c h   o t h e r .  

M u l t i - T u r n ,  R e c t a n g u l a r  Loop I n d u c t a n c e  
Formula   Us ing   Coup l ing   Coef f i c i en t  

T h e  c a l c u l a t i o n   o f   t h e   i n d u c t a n c e   o f  a 
m u l t i - t u r n ,  r e c t a n g u l a r   l o o p   u s i n g  a 
c o u p l i n g   c o e f f i c i e n t  i s  d e s c r i b e d  by L I N K  
and t h e   f o r m u l a  is: 

py = r e l a t i v e   p e r m e a b i   i t y   o f   c o p p e r  wire=l 
8 = s k i n  e f f e c t   f a c t o r  = 0.18 z1 = l o n g   s i d e   o f   r e c t a n g l e  ( i n )  

L = l o o p   i n d u c t a n c e  ( H) P 
= s h o r t   s i d e   o f   r e c t a n g l e  ( i n )  

8 = w i r e   d i a m e t e r  ( i n )  

8 = 4- 
/h = r e l a t i v e   p e r m e a b i l i t y   o f  medium = 1 

K = c o u p l i n g   c o e f f i c i e n t  = 0.87 (6 f t  x 6 
f t  l o o p ) ,   0 . 9 5  (6 f t  x 5 0   f t   l o o p ) ,  
0 . 9 4  (6 f t  x 30 f t  loop)  

A s i m p l i f i e d   f o r m u l a   d e v e l o p e d   b y  LINK8 is: 
LI 

L = 0 . 4 1  PN' ( 2 0 )  

where 

L = l o o p   i n d u c t a n c e  (pH) 
P = p e r i m e t e r   ( f t )  
N = l o o p  t u r n s  

L I N K  n o t e s   t h a t  a " ru le   o f   thumb"   form-  
u l a  is: 

9 

M u l t i - T u r n ,   R e c t a n g u l a r   L o o p   I n d u c t a n c e  
Formula   Us inq   Curren t   Shee t  

T h e   g e n e r a l   i n d u c t a n c e   f o r m u l a l o   u s i n g  
a r e c t a n g u l a r   c y f r e n t  sheet was f i r s t  
d e r i v e d  by  Niwa i n   1 9 2 4  and f o r   t h e  
c o i l   q e o m e t r y  i n  F iQUre  4 is: 

where 
4 

g2 = 
N =  
al = 
a =  
b =  
P =  

a + a l  2 2  , b = N p  
c o i l  t u r n s  
s h o r t   s i d e  of r e c t a n g l e  (cm) 
l o n g   s i d e   o f   r e c t a n g l e  (cm) 
a x i a l   l e n g t h   o f   c o i l  (cm) 
p i t c h   ( c m / t u r n )  
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T a b l e  I1 

Niwa‘s C o e f f i c i e n t s   f c r   S h o r t  
R e c t a n g u l a r   S o l e n o i d  

1 .00  0.4622 0.6366 0.2122 
0.95 0.4574 0.6534 0.2234 
0.90 0.4512 0.6720 0.2358 
0.85 0.4448 0.6928 0.2496 
0.80 0.4364 0.7162 0.2653 
0.75 0.4260 0.7427 0.2829 
0.70 0.4132 0.7730 0.3032 
0.65 0 .3971 0.8080 0.3265 
0.60 0.3767 0.8488 0.3537 
0.55 0.3500 0.8970 0.3858 
0.50 0 .3151 0.9549 0.4244 
0.40 0.1836 1 .1141 0.5305 
0.30 -0.0314 1.3359 0.7074 
0.20 -0.6409 1.9099 1.0610 
0.10 -3.2309 3.5014 2.1220 

Grover”  s t a t e s  t h a t  a d i s a d v a n t a g e  of 
t h i s   f o r m u l a  i s  t h e   n e a r   c a n c e l l a t i o n  of 
terms of opposite s i g n s   i n  some cases. 
For a v e r y   s h o r t   s o l e n o i d ,   G r o v e r   p r o v i d e s  
Niwa’s f o r m u l a   f o r   a n   i n f i n i t e   s o l e n o i d  
m o d i f i e d   b y  a f a c t o r  F’ .   The  formula13 is: 

-0.0046 
-0,0046 
-0.0046 
-0.0042 
-0 ,0031 
-0.0010 

0.0026 
0.0085 
0.0179 
0.0331 
0.0578 
0.1697 
0.5433 
2.3230 

22.548 

0.0046 
0.0053 
0.0064 
0.0080 
0.0103 
0.0141 
0.0198 
0.0291 
0.0432 
0.0711 
0.1183 
0.3898 
2.0517 

14.507 
497.36 

-0.0382 

-0.0525 

-0.0838 

-0.1564 

-0.3372 

-0.7855 
-2.403 
-7.85 
15 .51  
14280 

I f   t h e   t h r e e  c o i l  t u r n s  are wrapped  around 
a h i g h   p e r m e a b i l i t y   t o r i o d ,   t h e   m u t u a l   i n d u c -  
t a n c e  is a p p r o x i m a t e l y   e q u a l  t o  t h e   i n d u c -  
t a n c e  of a s i n g l e   t u r n   g i v i n g :  

Lu(pH) = 0 . 0 0 4 x N 2  - 
where 

QcL, I 
F LT = 9 Lo = N LO 2 

b ( 2 3 )  

F ‘= P , T  +p,’”rL+ +P%Y+j3s;-&-s+lll 
R 

a n d 7 =  a = l e n g t h  Of c u r r e n t   s h e e t  
Q l o n g e r   s i d e   o f   r e c t a n g l e  

K = -  Q I  

4 

T h e   v a a u e   o f  B1 and BI i s  o b t a i n e d  from 
T a b l e  11. 

M u l t i - T u r n ?   R e c t a n g u l a r   L o o p   I n d u c t a n c e  
Formula   Us ing   Mutua l   Coupl ing  

T h e   m u t u a l   c o u p l i n g   f o r m u l a  is  used  t o  cal-  
c u l a t e   t h e   i n d u c t a n c e   o f  a m u l t i - t u r n ?  rec- 
t a n g y i a r  loop. T h e   f o r m u l a  was used  by 
N i w a  t o  c a l c u l a t e   t h e   i n d u c t a n c e   o f  a 
s i n g l e   l a y e r  co i l  w i t h   c o n c e n t f e t e d   w i n d -  
i n g s  a t  e q u a l   i n t e r v a l s .   K i n g   d e t e r m i n e d  
t h e   i m p e d a n c e   o f  a h e l i c a l  coi l  u s i n g   t h i s  
fo rmula .  T ’ 1 3  

A t h r e e   t u r n ,   r e c t a n g u l a r  loop is yWz3 
modeled as t h r e e   s i n g l e   t u r n  loops 
c o n n e c t e d   i n  series a s  shown i n  L1 L2 L3 
F i g u r e   5 .  A c i r c u i t   m o d e l  of t h e  
t h r e e   t u r n  loop is i l l u s t r a t e d   i n  
F igu re   6 .   The  t o t a l  i n d u c t a n c e  is: 0 

I 

Fig. 5 Three  Turn  Inductive Loop Model 

LT = Ll+L2+L3+M12+M13+M21 

+M2  3+M3  1+M3 2 

S i n c e  L1=L2=L3=Lo a n d   f o r   e q u a l   t u r n  

s p a c i n g  M 12=M21=M23=M32 

0 

M1 3”3 1 Fig. 6 Circuit Model of Three Turn b o p  
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For a i r  c o u p l e d  co i l s ,  t h e   m u t u a l   i n d u c -  
t a n c e  i s  less t h a n   t h e   s i n g l e   t u r n   i n d u c -  
t a n c e   b e c a u s e   o f   l e a k a g e   f l u x .  

T h e   g e n e r a l   i n d u c t a n c e   f o r m u l a   f o r  a coi l  
w i t h  N e q u a l   s p a c e d ,   i d e n t i c a l   t u r n s  is: 

LT = NLo + 2(N-l)M12 + 2(N-2)M13+.  (26) 

Mutua l   Induc tance   o f  Two C o a x i a l ,   P a r a l l e l ,  
Rec tangu la r   Loops  

T h e   t o t a l   m u t u a l   i n d u c t a n c e   o f   t h e   r e c t a n g -  
u l a r   l o o p s   i n   F i g u r e  7 is g i v e n   b y   t h e  sum 
o f   t h e   m u t u a l   i n d u c t a n c e s   b e t w e e n   t h e   p a r -  
a l l e l  s i d e s   a n d   u s i n g   f o r m u l a  (1) is:  

I- I *  * 

where M is  t h e  m u t u a l  i n d u c t a n c e   b e -  
tween  s lae  l o f   t h e   b o t t o m   l o o p   t u r n   a n d  
s i d e  1 o f   t h e  top l o o p   t u r n   u n d e r   c o n s i d -  
e r a t i o n   a s  shown. Note t h a t  a l l  m u t u a l  
i n d u c t a n c e s  are symmetrical ( i . e . ,  
M13t=M31, e t c . ) .  

3 1 /  ." ,'4 / 
M l  1 

Fig. 7 Loop Turn Geometry 
C a l c u l a t o r   S e l f   I n d u c t a n c e   P r o g r a m  

S e r v e r a l   p r o g r a m s  were d e v e l o p e d   f o r  use 
o n   t h e  Hewlett Packard  97  programmable 
c a l c u l a t o r .  One p r o q r a m   c a l c u l a t e s   t h e  
s e l f   i n d u c t a n c e   o f   e a c h   s i n g l e   t u r n   l o o p  
u s i n g   e q u a t i o n s  ( 1 0 )  , ( 1 5 )  , and ( 1 6 ) .  
A n o t h e r   p r o g r a m   c a l c u l a t e s   t h e  m u t u a l  i n -  
d u c t a n c e   o f  two p a r a l l e l ,   c o a x i a l ,   r e c t a n g -  
u l a r   l o o p s   u s i n g   e q u a t i o n   ( 2 7 ) .   T h e  results 
o f   t h e  two programs are  a p p l i e d  t o  e q u a t i o n  
( 2 6 )  t o  c a l c u l a t e   t h e   s e l f   i n d u c t a n c e   o f  a 

m u l t i - t u r n   r e c t a n g u l a r  loop. 

Formula L o o p   S e l f   I n d u c t a n c e  (pH) 

LINK C o u p l i n g   C o e f f i c i e n t   ( E q n   1 9 )   7 6 . 9  
LINK S i m p l i f i e d   ( E q n   2 0 )  88.6 
Niwa C u r r e n t   S h e e t   ( E q n   2 3 )  75.8 
Mutua l   Coupl ing   (Eqn  26)  75.6 

Comparison  of   Calculated  and  Measured  Loop 
S e l f   I n d u c t a n c e  

T a b l e  I11 p r e s e n t s  a compar i son   o f  calcu- 
l a t e d  loop s e l f   i n d u c t a n c e   v a l u e s   b y   t h e  
m u t u a l  c o u p l i n g   f o r m u l a  t o  m e a s u r e d   l o o p  
self  i n d u c t a n c e   v a l u e s .   U n f o r t u n a t e l y ,  
t h e   c o n d u c t o r   s p a c i n g   f o r   t h e   l o o p s   u s e d  
f o r  measurements  is unknown. A v a l u e  
0.38cm  (150 mils) was assumed f o r   a l l  
t h e o r e t i c a l   c a l c u l a t i o n s .   T h e   i n d u c t a n c e  
v a l u e s   o b t a i n e d   b y   t h e   m u t u a l   c o u p l i n g  
f o r m u l a   a r e   r e a s o n a b l y  accurate as s e e n  
b y   t h e   f a v o r a b l e   c o m p a r i s o n   w i t h  a r a n g e  
o f   m e a s u r e d   l o o p   i n f y c t a n c e s .   T h e   e f f e c t  
o f   l o o p   c a p a c i t a n c e   b e t w e e n   t u r n s   w a s  
n e g l e c t e d .  

R e s u l t s   a n d   C o n c l u s i o n s  

T h e   l o o p   s e l f   i n d u c t a n c e   v a l u e s   i n   T a b l e  
I V  were c a l c u l a t e d   u s i n g   t h e   m u t u a l   c o u p  
l i n g   f o r m u l a ,   e q u a t i o n   ( 2 6 ) .   T h e   l o o p  
c a p a c i t a n c e   b e t w e e n   t u r n s  was n e g l e c t e d .  
I n   p r a c t i c e ,   l o o p s   l a r g e r   t h a n  1.83m ( 6   f t )  
by  10.67m  (35 f t )   n o r m a l l y   u s e  a  maximum 
o f  two t u r n s .  

T h e   e f f e c t   o f   c o n d u c t o r   s p a c i n g   o n   l o o p  
s e l f   i n d u c t a n c e  i s  e a s i l y   d e t e r m i n e d  
u s i n g   t h e   m u t u a l   c o u p l i n g   f o r m u l a .  For 
example,  a s e v e n   t u r n ,  1.83m ( 6  f t )  by 
1.83m  (6 f t )   l o o p   w i t h  0.38cm (150 m i l )  
c o n d u c t o r   s p a c i n g   h a s  a s e l f   i n d u c t a n c e  
o f   3 5 5   m i c r o H e n r i e s .   I f   t h e   c o n d u c t o r  
s p a c i n g  i s  i n c r e a s e d  t o  0.5cm  (200 m i l )  , 
t h e   s e l f   i n d u c t a n c e  i s  3 3 9   m i c r o s e n r i e s .  

The m u t u a l  c o u p l i n g   f o r m u l a ,   e q u a t i o n   ( 2 6 )  , 
p r o v i d e s   a c c e p t a b l e   a c c u r a c y   f o r   c a l c u l a t -  
i n g   t h e   s e l f   i n d u c t a n c e   o f   m u l t i - t u r n ,  
r e c t a n q u l a r   l o o p s   w h i c h   h a v e  a l a r g e   a r e a  
r e l a t i v e  t o  t h e   c o n d u c t o r   s p a c i n g .   T h i s  
t y p e   o f   l o o p  i s  u s e d   i n   v e h i c l e   d e t e c t o r  
s y s t e m s .   S i n c e   p r o g r a m m a b l e   c a l c u l a t o r s  
a r e   w i d e l y   a v a i l a b l e ,   t h e  m u t u a l  c o u p l i n g  
f o r m u l a  i s  recommended r a t h e r   t h a n  less  
a c c u r a t e  "rule  of   thumb"   formulas .  

The s e l f   i n d u c t a n c e   o f  a 1.83m  (6 f t . )  by 
1 . 8 3 m   ( 6   f t . )  , t h r e e   t u r n   l o o p  i s  calcu- 
l a t e d   i n   A p p e n d i x  I1 assuminq  number 1 4  
g a u g e  wire and a c o n d u c t o r   s p a c i n q  of 
0.38cm  (150 mils) . T h e   s e l f   i n d u c t a n c e  
v a l u e s   a r e  : 
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T a b l e  111 

COWARISOR OF CALCUUTED AND MEASURED LOOP  1wwCT)rRcES 

Nuber 
o f  

Loop 
T u r n s  

1 

2 

3 

4 

5 

6 

7 

5 f t  x 5 f t  
LOOP size 

6 f t  X 6 f t  
LOOP S i z e  

Calculated Heasured  C a l c u l a t e d  
I n d u c t a n c e  Induc tance*  I n d u c t a n c e  

W e )  ( p H )  (r €3) 

10.4 

36.6 

67.7  65  75.6 

129.2 

161  165  193.6 

w a s u r e d  
I n d u c t a n c e  

(p R l  

1 5  

35  

75  

135  

205 

355 365'. 

6 f t  x 30 f t  
LOOP S i z e  

6 f t  x 50  f t  
Loop sire 

C a l c u l a t e d  k a s u r e d  C a l c u l a t e d  Measured 
I n d u c t a n c e  I n d u c t a n c e  I n d u c t a n c e  I n d u c t a n c e  

(JJ H) (re1 (pH) (y HI 

34 35  53  50 

126*** 125  205 200 

27 2 27 5 447  430 

461 475  773   150  

R .  W. L y l e s ,  J .  E. M a n ,  .Eva lua t ion  of speed M o n i t o r i n g   S y s t a s , .  Report NO. pawA/PL/80/006, J u l y   1 9 8 0 .  

*** The loop i n d u c t a n c e  is l l 8 f H   u s i n g   t h e   c u r r e n t   s h e e t   f o r m u l a .  

NOTE: O t h e r   n e a s u r e d   v a l u e s   f r o m  L I N K ,  Advanced   P roduc t s   D iv i s ion ,   'L ink   Induc tance  Loop A n a l y s i s   P r o j e c t ,  

** W. A. Bl ikken ,   'The   Ad jus t ab le  Loop for V e h i c l e   D e t e c t i o n , '   F r e e w a y   O p e r a t i o n s   U n i t ,   M i c h i g a n  OOT. 
F i n a l  Report,' August  1968. 

T a b l e  I V  

CALCULATED  LOOP  INDUCTANCE 

LOOP S i z e  
Loop I n d u c t a n c e   ( H i c r o h e n r i e s )  

( F e e t )  1 Turn  2 Turn  3 Turn  4 Turn  5 Turn  6 Turn  7 TUKn 

5x5 9 30   62   104   155  

6x6  10  37  76  129  194  269  355 

6x10   14   51   107   181  

6.15 1 9  69  147  249 

6x20  24 88 187  320 

6x22  26  96  204  349 

6x25  29  107  229  392 

6x30  34  126  272  461 

6x35  39  146  315  542 

6x40  43  165 3 59  618 

6x45  48  185  402  695 

6x50  53  205  447  773 

- 

6x55 58 225  492  853 

6x60  63 245  537  932 

6x65  67 265  583  1012 

6x70  72 286  628  1092 

Spac ing   be tween loop c o n d u c t o r s :   1 5 0  HIL c e n t e r  to C e n t e r  
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APPENDIX I Appendix I1 

C a l c u l a t i o n   o f   S e l f   I n d u c t a n c e   o f   T h r e e   T u r n ,  
S i x   F o o t   b y   S i x   F o o t   L o o p   U s i n g   C o u p l i n q  
C o e f f i c i e n t   F o r m u l a  

U s i n g   e q u a t i o n   1 9 ,   t h e   i n d u c t a n c e  i s  g iven   by :  

L = 0.01016 s(1) (0 .18)  (3)  (72+72)+1  [ (0 .87)   (3d  

2(J-+32.05~10-~/2) 

- 2(72+72)  + ( 7 2 + 7 2 )   l n [ 4   ( 7 2 )   ( 7 2 ) / 3 2 . 0 5 ~ 1 0 3  

- 7 2 1 n ( 7 2 +   d ( 7 2 ) 2 + ( 7 2 ) 2 )  - 72 I n  ( 72 

+ 4 i - z z Z l g  
L = 0.01016 2 7 7 . 7 6 + 6 . 8 1 2 [ 2 0 3 . 6 5 + 3 2 . 0 5 ~ 1 0 - ~  

- 288 + 1926.73  - 371.38 - 3 7 1 . 3 9 3  

L = 7 6 . 9 p H  

By a p p r o x i m a t i n g   t h e   s i n q l e   t u r n  loop by 
two series c o n n e c t e d   t r a n s m i s s i o n   l i n e s ,  
t h e  loop i n d u c t a n c e   f o r m u l a  is: 

The low f r e q u e n c y   i n d u c t a n c e   o f  a t w i n  
l e a d ,   t r a n s m i s s i o n   l i n e   c o m p r i s e d   o f  
copper wire i n  f ree  space is: 

L p a i r l  - - E O - '  + 0.4 I n  (41. P 
Where 

~ ~ ~ i ~ l =  i n d u c t a n c e  of pa i r  1 
W = t r a n s m i s s i o n   l i n e   c o n d u c t o r  

L = t r a n s m i s s i o n   l i n e   l e n g t h  ( m )  
= r a d i u s  of c o n d u c t o r  ( m )  

s p a c i n g  ( m )  

P 
S i m i l a r l y  

L p a i r ~  = F O  -' + 0.4 I n  ($]W P 
Then 

I f  - I n ? >   I n  W a n d   - I n f > l n  L 

L ~ ~ I A )  = ( lo- '  - 0.4 l n f )  (L+W) 

I f  P = 2L+2W 

Then  Lo(pH) = (0 .05-0 .2   1nf )P  

Where P = loop  p e r i m e n t e r  ( m )  

From T a b l e  1-1, = 0 . 8 1 4 ~ 1 0 - ~ m   f o r   n u m b e r s  
1 4  AWG wire. Then 

AWG 

1 2  

1 4  

1 6  

18  

20 

T a b l e  1-1 

C o n d u c t o r   S i z e  

Wire Dia Wire Dia 
(Mils) (mm) 

80.8 2.052 

64.1  1 .628 

50.8 1.290 

40.3  1.024 

32.0  0.813 

C a l c u l a t i o n   o f   S e l f   I n d u c t a n c e   o f   T h r e e  
T u r n ,   S i x   F o o t   b y   S i x   F o o t   L o o p   U s i n g  
C u r r e n t   S h e e t   F o r m u l a  

a1 = 6 f t  = 182.93 cm 
a = 6 f t  = 182.93  cm 

P = t u r n   s p a c i n g  = 150  mils = 0.381 cm 

Nn = 3(0.381)  = 1 .143  cm 

From T a b l e l l ,  

& = 0.4622 

&' = 0.6366 

B2 = 0.2122 

B3 = 0.0046 

B5 = 0.0046 

Wire R a d i u s  B7 = 0.0382 
(mm) 1 I n  7 = 5.0754 

1.026 

0.814 

0.645 

0.512 

0.407 

F' = 0.0029 + 0.0200 + 8 . 1 6 ~ 1 0 - ~  

F' = 0.0229 

U s i n g   e q u a t i o n   ( 2 3 )  

L = 0.004mN F 

L = O . O 0 4 f ~ ( 9 )  ('*a'q37c'0'L'q3' (,O.o'Ltq) 

L = 75.8 H 

2 1 

\ * \ea 
P 
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C a l c u l a t i o n   o f   S e l f   I n d u c t a n c e   o f   T h r e e  
T u r n ,   S i x   F o o t   b y   S i x   F o o t   L o o p   U s i n g  
Mutua l   Coup l ing   Fo rmula  

From T a b l e  I a n d   e q u a t i o n   1 6  

Loi = (0 .036pH/m)  (2)   (11+12) 

Loi = (O.O36pH/m)  (2)  (1.829+1.829) 

Loi = . 2 6 p  H 

U s i n g   e q u a t i o n   ( 1 0 )  

Loe = 1 0 . 1 6 ~  H 

Then 

LO = Loi+Loe 

Lo = 0.26pH+10.16yH = l0.4JH 

U s i n g   e q u a t i o n   ( 2 6 )  

L = 3 Lo + 4 M12 + 2 M13 

From e q u a t i o n   ( 2 7 )   f o r   1 5 0  m i l  
s p a c i n g   b e t w e e n   t u r n s  

5 2  

M1 3 
Then 

L 

L 

1. 

2. 

3. 

4 .  

5. 

6 .  

7.  

8 .  

9 .  

= 7 . 9 p H  

= 6 . 9 p H  

= 3(10.4pH) + 4(7.9yH) + 2 ( 6 . 9 p )  

= 7 5 . 6 f H  
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