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Electromagnetic ion temperature gradient modes of tearing mode parity
in high b sheared slab plasmas
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The ion temperature gradient modes of tearing mode parity are investigated for arbitraryb
~5plasma pressure/magnetic pressure! plasmas in a sheared slab. Under the lowb limit, the results
agree with Reynders’ conclusion that the lowest order (l 51) mode of tearing mode parity persists
after the fundamental mode (l 50) of drift mode parity is completely stabilized by finiteb @J. V. M.
Reynders, Phys. Plasmas1, 1953~1994!#. However, when the effects of the magnetic gradient drift
and the coupling to the compressional Alfve´n waves are included, thel 50 mode is more difficult
to stabilize than thel 51 mode. It is also shown that thel 51 mode is much easier to stabilize by
the magnetic shear than thel 50 mode. Generally, thel 51 mode grows faster in the low magnetic
shear and lowb regime while thel 50 mode is the dominant eigenmode of ion temperature gradient
instability in highb plasmas. ©2002 American Institute of Physics.@DOI: 10.1063/1.1471516#
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I. INTRODUCTION

The ion temperature gradient~ITG, h i! modes have been
considered as a candidate responsible for the anomalou
transport in tokamak plasmas1–3 and investigated in numer
ous theoretical studies.4–20 Early analyses of the electrostat
modes1,4–9 established the basic stability property in ve
low b (b58pP/B2!me /mi) plasmas. Later, electromag
netic effects10–20 were included to study the ITG mode wit
finite b modification. On the other hand, an integr
approach8,9,16–19 was developed to throw off the long
wavelength restriction (uk'r i u!1) that is necessary in th
earlier differential approach.4–7,12

In most of the previous studies, such as the first lin
integral eigenmode study of the finiteb modified ITG mode
in a sheared slab performed by Donget al.,17 only the fun-
damental (l 50) eigenmode of drift mode parity was consi
ered, wherel is the harmonic number of wave function
radial direction. Reynders19 derived the same eigenmod
equation directly from the electromagnetic gyrokinetic eq
tion and investigated the lowest order (l 51) eigenmode of
tearing mode parity. He found that thel 51 eigenmode is
more difficult to stabilize by finiteb than thel 50 mode in
the long poloidal wavelength~low ky! regime and thus the
l 51 mode persists after thel 50 mode is completely stabi
lized. In both of these studies, however, only the pertur

tions of the electrostatic potential,f̃, and the parallel vecto

potential,Ãi , were considered, while the perturbation of t

perpendicular vector potential,Ã' , was neglected. This is
good approximation only for lowb plasmas. Moreover, the

a!Electronic mail: gaozhe97@mails.tsinghua.edu.cn
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magnetic gradient is needed to maintain pressure equilibr
for high b plasmas even in a slab.

Recently, Gaoet al.20 developed a set of integral equa
tions to study drift instabilities in plasmas of arbitraryb
values with a sheared slab magnetic configuration. B
components of the perturbed vector potential,Ãi andÃ' , are
considered together withf̃ in this full b model, as well as
the magnetic gradient drift effects. Thel 50 modes were
analyzed and found to be unstable even at a highb, sinceb
cannot effectively change the frequency and the partic
wave interaction in the lower frequency regime.

The l 51 mode is investigated in the present work wi
the full b model. The emphasis is placed on whether thl
51 mode still dominates in the lowky regime in highb
plasmas. The results are compared with those for thel 50
mode.

The organization of this paper is as follows. The ba
integral eigenmode equations are presented in Sec. II.
numerical results and some analyses are described in Sec
Section IV is devoted to conclusions.

II. INTEGRAL EIGENMODE EQUATIONS

Consider a sheared magnetic field with a magne
gradient B5B0@ ẑ(11x/LB)1 ŷ(x/Ls)#, where Ls and LB

are the scale lengths of the magnetic shear and the mag
gradient, respectively. The magnetic gradient is includ
to maintain the pressure equilibrium for highb plasmas in
a slab, soLB is not independent of the pressure profile
Ln /LB5( j 5 i ,e(b j /2)(11h j ). Here, Ln

2152(1/nj )dnj /
dx, h j5d ln Tj /d ln nj , and b j58pnjTj /B2. The equilib-
rium distributions for ions and electrons aref 0 j
2 © 2002 American Institute of Physics
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5@n(Xgj)/(p
3/2v t j

3 )#exp(2v2/vtj
2), where v t j5A2Tj (Xg j)/mj ,

Xg j5x2vy /V j , andV j52qjB/mjc.
We introduce three fluctuating scalar fields:f̃, Ãi(5Ã

•b̂), and Ã2(5(Ã3ê')•b̂), where all perturbed quantitie
have the form p̃(r ,t)5p(x)exp(ikyy2ivt), p(x)
51/A2p*p(k)exp(ikx)dk, ê'5k' /uk'u, k'5kyŷ1kx̂, and
b̂5B/uBu. For the fluctuations withv!uV j u and k'ld!1,
we have derived20 the linear eigenmode equations as follow

(
j

qj
2n0

Tj
H f̂~k!1

1

2p E dk8E dx exp@ i ~k82k!x#

3FL j~0,0,0,0!f̂~k8!1
v t j

v te
L j S0,1,

1

2
,0DÂ2~k8!

1
v t j

v te
L j~0,0,0,1!Âi~k8!G J 50, ~1!

Â2~k!2(
j

b j

2pbj
H E dk8E dx exp@ i ~k82k!x#

3Fv te

v t j
L j S1,0,

1

2
,0D f̂~k8!1L j~1,1,1,0!Â2~k8!

1L j S1,0,
1

2
,1DÂi~k8!G J 50, ~2!

Âi~k!2(
j

b j

2pbj
H E dk8E dx exp@ i ~k82k!x#

3Fv te

v t j
L j~0,0,0,1!f̂~k8!1L j S0,1,

1

2
,1DÂ2~k8!

1L j~0,0,0,2!Âi~k8!G J 50. ~3!

Here,

L j~m,n,s,l !5S 2qj

uqj u
D m1nE

0

1`

dtts exp~2t !

3Jm~A2bj t !Jn~A2bj8t !
v* j

v2vD j t
Kl j ,

~4!

K0 j5S v

v* j
21D @j jZ~j j !#2hFj j

21S j j
22

1

2D j jZ~j j !G
2h~ t21!@j jZ~j j !#, ~5!

K1 j5
ki

ukiu
j jFK0 j1 S v0

v* j
21D2h~ t21!G , ~6!

K2 j5
ki

ukiu
j jK1 j , ~7!

v* j5(kyTj )/(V jmjLn), vD j52v* jLn /LB , bj5k'
2 r j

2/2,
bj85k'8

2r j
2/2, r j5v t j /V j , j j5(v2vD j t)/ukiuv t j , ki

5(x/Ls)ky , k'
2 5ky

21k2, k'8
25ky

21k82, f̂5f, Â2

5 iv teA2 /c, Âi52v teAi /c, andZ(j) is the plasma disper
sion function.
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This model is valid for plasmas of anyb value, so we
call it the full b model.20 Omitting the coupling to the com
pressional Alfve´n waves~CAWs! and the magnetic gradien
effects, that is,Â250 andLB→`, gives the lowb model,
which is valid for lowb plasmas.

Equations~1!–~3! are the basic equations that govern t
behavior of the modes, not only the lowest order mode
also the high order mode. As we know, the eigenfunctio
from the differential approach are Hermite functions. T
radial eigenmode order,l, is just the order of the Hermite
function. In the integral approach, however, the number ol
cannot be obtained directly from the equations, while diff
ent order modes exist in the different frequency regime,
spectively. That is, different initial values induce the resu
of different orders.

III. NUMERICAL RESULTS

The integral equations, Eqs.~1!–~3!, are solved using the
Raleigh–Ritz technique. The detailed procedure is w
documented in previous works20,21 and will not be repeated
here.

The typical parameters8,17,19chosen here are:he52, h i

52, Te /Ti51, mi /me51836, andLn /Ls50.025 unless oth-
erwise stated. Forb50 andky51, the eigenfrequency of the
l 50 mode is (20.4010.38i )v* e while that of the l 51
modes is (20.9910.59i )v* e . For convenience, all the
lengths have been normalized tour i u in the following. In
addition, all the results without otherwise statement are
tained from the fullb model.

The definition and normalization in this work are th
same as in Donget al.17 although are somewhat differen
from those in Reynders.19 First, Reynders defined thatb
54pnTe /B2, so (b)Reynders5(be/2)here. Second, the param
eter kyrs in Sec. V of Ref. 19 was supposed to beky

2rs
2;

although Reynders did not clearly clarify this point, or el
the results of Reynders for thel 50 mode would be not
consistent with those of Donget al.Moreover, the definitions
of thermal velocity in Ref. 19 and this work are different b
a factor of&, so the relation exists in aTe /Ti51 plasma,
(kyrs)Reynders5(ky

2/2)here.
Figure 1 shows the real frequencies and growth rates

the l 50 andl 51 mode as functions ofbe with ky51, i.e.,
(kyrs)Reynders50.5 in Ref. 19. The results from the lowb
model are consistent with Reynders’ results.19 The l 51
mode demonstrates a large growth rate at lowb values and is
stabilized before thel 50 mode is whenb increases. This
conclusion is still valid in the fullb model. The fullb ef-
fects, including the magnetic gradient drift effects and t
coupling toA2 , strengthen the stabilization effect of finiteb
on thel 51 mode but reduce it on thel 50 mode. The results
also verify the stabilizing mechanism discussed in Ref.
An increasingb reduces the frequency and then the grow
rate through reducing the inverse Landau damping. Thib
effect, however, is weakened at the low frequency regim
The l 50 mode cannot be stabilized, since the frequency
 license or copyright, see http://pop.aip.org/pop/copyright.jsp
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creases to a very low level soon and flattens whenb in-
creases in the fullb model. However, thel 51 mode has so
high a frequency thatb stabilizes the mode before reducin
the frequency to a low level. For thel 51 mode, therefore
the inclusion of the fullb effects strengthens the finiteb
stabilization effect.

With ky50.35, the real frequencies and growth rates
the l 50 and l 51 modes are shown as functions ofbe in
Fig. 2. In the lowb model, thel 51 mode not only grows
faster than thel 50 mode does but also is stabilized after t
l 50 mode is. It is noted that the mode withky50.35 here is
identical with that with (kyrs)Reynders50.061 25 in Ref. 19.
Compared to the results shown in Fig. 4 of Ref. 19, the l
b results here are consistent with Reynolds’ results.19 For
example, at ky50.35 and be50.01, i.e., (kyrs)Reynders

50.061 25 and (b)Reynders50.005, both calculations give a
eigenfrequency of about (20.03410.018i )v* e

. However,
using the full b model, we can see that thel 51 mode is
stabilized at a lowb value while thel 50 mode still cannot
be stabilized. The mechanism is the same as that withky

51 described in the above paragraph.
Figure 3 depicts the growth rates and frequencies of

l 51 mode as functions ofky for different values ofb. The
l 51 modes, with the typical parameter, are completely s
bilized with a b above about 3%. The same plot for thel
50 mode is shown in Ref. 20. It is recalled that thel 50
mode remains unstable untilb.10% although the growth
rate is very low.

FIG. 1. Mode growth rate~a! and frequencies~b! of both thel 50 and l
51 modes as a function ofbe for h i5he52.0, mi /me51836, be5b i ,
Ln /Ls50.025, andky51. The solid and dashed lines denote the results fr
the full b model and the lowb model, respectively. The lines with square
denote thel 51 mode and the lines without symbols denote thel 50 mode.
Downloaded 22 Oct 2004 to 166.111.33.26. Redistribution subject to AIP
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FIG. 2. The same as Fig. 1 except forky50.35.

FIG. 3. Mode growth rate~a! and frequencies~b! of the l 51 mode as a
function ofky for b50, 0.01, 0.02, and 0.03, respectively. The other para
eters are the same as for Fig. 1.
 license or copyright, see http://pop.aip.org/pop/copyright.jsp
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FIG. 4. Mode growth rate~a! and frequencies~b! of both thel 50 and l
51 modes withhe50.4 as a function ofbe for ky51 and 0.35, respec-
tively. All the results are from the fullb model. The solid and dashed line
denote the results forky51 and 0.35, respectively. The other parameters a
denotations are the same as for Fig. 1.

FIG. 5. Mode growth rate~a! and frequencies~b! of the l 50 andl 51 mode
as a function ofky for b50.03 and 0.04, respectively. The other paramet
are the same as for Fig. 1 except forhe50.4.
Downloaded 22 Oct 2004 to 166.111.33.26. Redistribution subject to AIP
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FIG. 6. Mode growth rate~a! and frequencies~b! of both thel 50 and l
51 modes as a function ofLn /Ls for ky51, b50 and 0.01, respectively
The solid and dashed lines denote the results forb50 and 0.01, respec-
tively. The other parameters and denotations are the same as for Fig.

FIG. 7. The same as Fig. 6 except forky50.35.
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FIG. 8. Structure of thel 51 eigen-
mode:~a! f(k) vs k; ~b! f(x) vs x; ~c!
A2(k) vs k; ~d! A2(x) vs x; ~e! Ai(k)
vs k; ~f! Ai(x) vs x for b50.01 and
ky50.35. The solid and dashed line
denote the real and imaginary part
The other parameters are the same
in Fig. 1.
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With the above typical parameters, in fact, thel 50
mode is still unstable even whenb reaches a very high value
However, we had shown20 that thel 50 mode could be sta
bilized by finiteb whenhe is less than 1.0 and other param
eters are unaltered. Withhe50.4, the real frequencies an
growth rates forl 50 andl 51 modes are shown in Fig. 4 a
functions ofb with ky51 and 0.35, respectively. Here, a
the results are from the fullb model. Thehe affects the
stable property of thel 50 mode while hardly change th
property of thel 51 mode with a high frequency. Withky

51, the l 50 mode is stabilized even before thel 51 mode
is; while, with ky50.35, the l 50 mode is stabilized still
after the l 51 mode is. It is known that the mode with
lower ky has a much lower frequency. So, even though
l 50 mode with a lowky can be stabilized by finiteb, the
stabilization will be difficult. Figure 5 shows theky spectra
of l 50 andl 51 modes withhe50.4. Whenb reaches 3%,
the l 51 mode is completely stabilized while thel 50 mode
is still unstable in the lowky regime. The complete stabili
zation of thel 50 mode needs a higherb.

Besides theb, the magnetic shear is known20 as another
stabilizing factor for the ITG mode even in the highb re-
gime. Figures 6 and 7 show the real frequency and gro
Downloaded 22 Oct 2004 to 166.111.33.26. Redistribution subject to AIP
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rates for thel 50 andl 51 mode as functions ofLn /Ls with
ky51.0 and 0.35, respectively. Thel 51 mode is easier to be
stabilized by magnetic shear than thel 50 mode for both
ky51.0 and 0.35 though a lowerky mode needs a stronge
shear. Then, thel 51 mode exists and dominates in the lo
magnetic shear and lowb regime. For tokamak plasmas, th
low shear regime usually exist in the interior, at the sa
time, the interior is the highb regime. So thel 50 eigen-
mode is the dominant ITG mode in the highb tokamak-type
plasmas.

The l 51 eigenmode structures forky50.35 are shown
in Fig. 8. Thel 51 mode exhibits a tearing mode parity;f
andA2 have odd parity, whileAi has even parity. The struc
tures off(x) and Ai(x) from the full b model are similar
with the structures shown by Reynders.19 The perturbations
in k space, especiallyf(k), extend to thek>1 regime. It is
the cause of the fine-scale structure near the rational sur
in x space mentioned by Reynders.19 This fine structure
could not be seen in the differential approach.

The l 52 mode~the second order mode with drift mod
parity! and l 53 mode~the second order mode with tearin
mode parity! are also investigated using the fullb model.
 license or copyright, see http://pop.aip.org/pop/copyright.jsp
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They have higher frequencies and are damped by eitherb or
Ln /Ls before thel 50 andl 51 modes.

IV. CONCLUSIONS

The l 51 mode, the lowest order eigenmode of teari
mode parity, is investigated using the model for arbitraryb
in a sheared slab. Under the lowb limit, the results agree
with Reynders’ conclusion19 that thel 51 mode persists afte
the l 50 mode is completely stabilized by finiteb. However,
when the effects of the magnetic gradient drift and the c
pling to A2 are included, thel 50 mode is more difficult to
stabilize than thel 51 mode, though thel 51 mode demon-
strates a larger growth rate in the lowb regime. The results
are consistent with the stabilization mechanism discusse
Ref. 20, that is, an increasingb reduces the frequency an
then the growth rate through reducing the inverse Lan
damping and thisb effect is weakened at the low frequenc
regime.

In addition, the magnetic shear stabilization effect is a
studied for thel 50 and l 51 modes. It is shown that thel
51 mode is much easier to be stabilized by magnetic sh
than the l 50 mode. In conclusion, thel 51 mode grows
faster in the low magnetic shear and lowb regime while the
l 50 mode is the dominant eigenmode of ITG instability
high b plasmas.

The present study was performed in the slab geom
and then did not consider the effects of curvature drift a
trapped electrons. These effects have already been co
ered in some previous studies18,22,23 for the l 50 mode and
shown to be likely important in a torus in affecting the io
temperature gradient instability. However, it is still an une
plored topic for thel 51 mode of tearing mode parity an
will be studied in the future work.
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