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Analysis of ion temperature gradient modes in high b plasmas
with sheared slab configuration model
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A set of integral equations is developed to study drift instabilities in anyb ~plasma pressure/
magnetic pressure! plasmas with the sheared slab magnetic configuration model. Both components
of the perturbed vector potential,Ãi and Ã' , are considered in the equations, as well as the
perturbation of the electrostatic potentialf̃. The magnetic gradient drift effects are taken into
account. The ion temperature gradient modes are analyzed and found to be unstable in the highb
regime. The stability of the highb modes is very sensitive to the mode frequency. The lower
frequency modes are more difficult to be stabilized since theb effects cannot effectively change the
frequency and then the particle-wave interaction in the lower frequency regime. The magnetic shear
is shown to have strong stabilizing effects on the highb modes. ©2002 American Institute of
Physics. @DOI: 10.1063/1.1436125#
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I. INTRODUCTION

The ion temperature gradient mode~ITG, h i mode! has
been considered as a candidate to cause the anomalou
transport in tokamak plasmas.1–3 Numerous theoretical stud
ies have been done. The analyses1,4–7 of electrostatic modes
have established the basic stability properties of very
b (b58pP/B2!Ame /mi) plasmas with ion temperatur
gradients. Later, the behaviors of the ITG modes in finiteb
plasmas attracted more attention.8–16 The common conclu-
sion is that a finiteb can effectively stabilize the ITG mode
For example, the fundamental slab mode can be comple
stabilized withb<3% ~Ref. 8! at the Linsker’s parameters4

It seems that the ITG modes are no longer important
higher b devices, such as spherical tokamaks.17 However,
this previous conclusion cannot be arbitrarily applied in h
b cases because it is based on the lowb assumption. Most
previous electromagnetic ITG mode studies8,11–15only con-
sidered the electrostatic potentialf̃ and the parallel vecto
potentialÃi while neglecting the perpendicular vector pote
tial Ã' , which is a good approximation only for lowb plas-
mas. Moreover, the magnetic gradient is needed to main
pressure equilibrium for highb plasmas even in a slab, eve
though many previous electromagnetic studies in a slab8,15

did not consider it. So it is of interest to ask whether t
instabilities persist in highb slab plasmas.

Local studies (ki5const) of the slab modes9,16 have
shown that the fullb effects, especially the magnetic grad
ent effect, are very important in the highb regime. However,
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the dispersion relation of the local mode is a simple algeb
equation. The mode structure is not considered and the
allel wave number is rather arbitrary in local studies. The
fore, a nonlocal approach is needed to properly analyze
mode stability properties. If the radial wavelength of the u
stable mode is long (ur i]/]xu!1), a differential form of the
dispersion equation governs the eigenfrequency and
mode structure. However, as noted by Reynders,15 the inte-
gral form is more general and is valid in theur i]/]xu
;O(1) regime so it is suitable for analyzing modes wi
fine-scale structures.

An earlier integral eigenmode equation was derived a
numerically solved by Tanget al.18 for an artificially small
mass ratiomi /me5100. Later, Linsker4 solved the problem
for realistic mass ratios. The first linear integral eigenmo
study of the finiteb modified ITG mode in a sheared sla
was performed in the lowb limit by Dong et al.,8 where the
eigenmode equation was derived from the lineariz
Vlasov–Maxwell system of self-consistent equation
Reynders15 derived the same equation directly from the ele
tromagnetic gyrokinetic equation. The present work deriv
and numerically solves the linear integral eigenmode eq
tion of the ITG instabilities for arbitraryb values in a
sheared slab with the magnetic gradient included. This w
can be considered as an extension of Donget al.8 to include

the effects ofÃ' and magnetic gradient drift, and, on th
other hand, as a consequence to our previous local work16

The organization of this paper is as follows. Section
presents the integral eigenmode equations. The numerica
sults and some analyses are described in Sec. III. Sectio
is devoted to conclusions and discussion.
© 2002 American Institute of Physics
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II. INTEGRAL EIGENMODE EQUATIONS

Consider a sheared magnetic field with a magnetic g
dient

BW 5B0F ẑS 11
x

LB
D1 ŷ

x

Ls
G , ~1!

whereLs andLB are the scale lengths of the magnetic sh
and the magnetic gradient, respectively. The magnetic gr
ent is included to maintain the pressure equilibrium for h
b plasmas in a slab, soLB is not independent of the pressu
profiles,

Ln /LB5(
j

~b j /2!~11h j !, j 5 i ,e. ~2!

Here, Ln
2152(1/nj )dnj /dx, h j5d ln Tj /d ln nj , and b j

58pnjTj /B2.
The equilibrium distributions for ions and electrons a

f 0 j5
n~Xg j!

p3/2n t j
3 expS 2

n2

n t j
2 D , n t j5A2Tj~Xg j!

mj
. ~3!

Here Xg j5x2ny /V j is the guiding center variable andV j

52qjB/mjc is the gyrofrequency.
We introduce three fluctuating scalar fields:f̃, Ãi

(5Ã"b̂), andÃ2(5(Ã3ê')"b̂), where all perturbed quanti
ties have the form p̃(rW,t)5p(x)exp(ikyy2ivt),

FIG. 1. Mode growth rate~a! and frequency~b! vs be for h i5he52.0,
mi /me51836, b i5be , Ln /Ls50.025, andky51. The solid, dashed, and
dotted lines denote the results from the fullb model, the lowb model, and
the low b model with the“B drift effect addition, respectively.
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FIG. 2. The same as Fig. 1 except forhe52.0, 1.0 or 0.4. All the results are
from the full b model.

FIG. 3. Mode structure~a! f(k) vs k and~b! f(x) vs x for be5b i50. The
solid and dashed lines denote the real and imaginary parts. The othe
rameters are the same as for Fig. 1.
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FIG. 4. Mode structure~a! f(k) vs k;
~b! f(x) vs x; ~c! A2(k) vs k; ~d!
A2(x) vs x; ~e! Ai(k) vs k; ~f! Ai(x) vs
x for be5b i50.005. The other param-
eters are the same as in Fig. 1.
o
n

-

re’s
ê'5kW' /uk'u, kW'5kyŷ2 i ]/]xx̂, and b̂5BW /uBu. Assuming
the fluctuations withv!uV j u andkld!1, using the linear-
ized Vlasov equation and integrating along unperturbed
bits give the perturbed distribution functions for the electro
and ions

f 1 j52
qj f 0 j

Tj
f~x!2 i

qj f 0 j

Tj
E

2`

t S v1
kyTj

V jmj

1

f 0 j

] f 0 j

]Xg j
D

3Ff82
1

c
~n i8Ai81n28A28!Gdt8, ~4!

wheren285(nW 83ê')"b̂.
Fourier transforming p(x)51/A2p*p(k)exp(ikx)dk

gives the description equations in thek space. The quasineu
trality condition gives

(
j

qj
2n0

Tj
H f̂~k!1S 1

2p D E dk8E dx exp@ i ~k82k!x#

3FL j~0,0,0,0!f̂~k8!1
n t j

n te
L j S 0,1,

1

2
,0D Â2~k8!

1
n t j

n te
L j~0,0,0,1!Âi~k8!G J 50, ~5!
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and the perpendicular and parallel components of Ampe
law are

Â2~k!2(
j

b j

2pbj
H E dk8E dx exp@ i ~k82k!x#

3Fn te

n t j
L j S 1,0,

1

2
,0D f̂~k8!1L j~1,1,1,0!Â2~k8!

1L j S 1,0,
1

2
,1D Âi~k8!G J 50, ~6!

Âi~k!2(
j

b j

2pbj
H E dk8E dx exp@ i ~k82k!x#

3Fn te

n t j
L j~0,0,0,1!f̂~k8!1L j S 0,1,

1

2
,1D Â2~k8!

1L j~0,0,0,2!Âi~k8!G J 50. ~7!
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FIG. 5. The same as in Fig. 4 excep
for be5b i50.05.
the

al
at

t

ll

ct-
L j~m,n,s,l !5S 2qj

uqj u
D m1nE

0

1`

dt ts exp~2t !

3Jm~A2bj t !Jn~A2bj8t !
v* j

v2vD j t
Kl j ,

~8!

K0 j5S v

v* j
21D @j jZ~j j !#2hFj j

21S j j
22

1

2D j jZ~j j !G
2h~ t21!@j jZ~j j !#, ~9!

K1 j5
ki

ukiu
j jFK0 j1S v0

v* j
21D2h~ t21!G , ~10!

K2 j5
ki

ukiu
j jK1 j , ~11!

v* j5~kyTj !/~V jmjLn!, vD j52v* jLn /LB ,

bj5k'
2 r j

2/2, bj85k'8
2r j

2/2, r j5n t j /V j ,

j j5~v2vd jt !/ukiun t j , ki5~x/Ls!ky ,

k'
2 5ky

21k2, k'8
25ky

21k82, f̂5f,
Downloaded 22 Oct 2004 to 166.111.33.26. Redistribution subject to AIP
Â25 in teA2 /c, Âi52n teAi /c,

and Z~j! is the plasma dispersion function. Equations~5!–~7!
are the basic equations that govern the behavior of
modes. This model is valid for all orders ofb, so we call it
the full b model. Omitting the coupling to the compression
Alfvén waves~CAWs! and the magnetic gradient effects, th
is, Â250 andLB→`, gives the same equations as Eqs.~4!
and ~5! in Dong et al.,8 which is valid in lowb assumption
so is called the lowb model. In addition, the local treatmen
(k5k850,ki5const) simplifies Eqs.~5!–~7! to the local dis-
persion equations in Gaoet al.16

III. NUMERICAL RESULTS

The integral equations, Eqs.~5!–~7!, are solved using the
Raleigh–Ritz technique.19 The detailed procedure is we
documented in Donget al.20 and will only be outlined here.

The fluctuating field can be expanded in terms of re
angular functions,
 license or copyright, see http://pop.aip.org/pop/copyright.jsp
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FIG. 6. Mode growth rate~a! and frequency~b! vs h i for be5b i50, 0.005
and 0.05. The other parameters are the same as in Fig. 1.

FIG. 7. Mode growth rate~a! and frequency~b! vs ky for be5b i50, 0.005,
and 0.05. The other parameters are the same as in Fig. 1.
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p̂s~k!5(
j 51

N

aj
sx j~k!, x j~k!5H 1, kP@~ j 21!h, jh !,

0, k¹@~ j 21!h, jh !,
~12!

where p̂1, p̂2, and p̂3 denotef̂, Â2 , and Âi , respectively.
Substituting into Eqs.~5!–~7!, multiplying the resulting
equations byx i(k) and integrating overk, we obtain a set of
linear algebraic equations

Mi j
1 aj

11Pi j
1 aj

21Qi j
1 aj

350, ~58!

Mi j
2 aj

11Pi j
2 aj

21V i j
2 aj

350, ~68!

Mi j
3 aj

11Pi j
3 aj

21Qi j
3 aj

350. ~78!

The full coefficient matrix is then

K5S M1 P1 Q1

M2 P2 Q2

M3 P3 Q3
D . ~13!

The eigenfrequencyv is given by the relation

l50,

wherel is the minimal non-negative eigenvalue ofK. The
corresponding mode structure can also be obtained. A
table problem is the integral in the perpendicular veloc
space, Eq.~8!. Since the plasma dispersion functionZ is not
independent oft, the integral should be accurate enough
describe the resonant regime.

FIG. 8. Mode growth rate~a! and frequency~b! vs Ln /Ls for be5b i50,
0.005, and 0.05. The other parameters are the same as in Fig. 1.
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The parameters chosen here are the same as the
Linsker’s parameters:4,8,15 he52, h i52, Te /Ti51, mi /me

51836, Ln /Ls50.025, andky51 unless otherwise stated
For convenience, all the lengths have been normalized tour i u
in the following. In addition, all the results that are not ot
erwise stated are obtained from the fullb model.

Shown in Fig. 1 is the mode growth rate and frequen
as functions ofbe ~or b/2!. The mode cannot be stabilized b
finite b when the“B effect is included in the model~the
solid and the dotted lines!. However, the dashed lines sho
that the mode is stabilized atbe'1.4% if the“B effect is
not considered. This is completely consistent with the pre
ous result.8 It is also noted that in the lowb regime, increas-
ing b reduces the frequency and the growth rate more rap
in the models with“B than in the model without“B. Con-
sequently, the frequency reaches a very low level very s
and is not changed efficiently byb any longer. These effect
are explained in the next paragraph using the analysis
simplified model.

Local study16 shows that the inverse Landau dampi
dominates the stability property of the mode. That is,b af-
fects the growth rate mainly by changing the mode f
quency. With the fluid approximation (n t i,uv/kiu,n te), the
mode frequency is governed by Eq.~8! in Gaoet al.,16 which
is rewritten here without the small termid i ,

F11
v* e

v
~h ibi21!GF12

b i

bi

v2

ki
2n t i

2

1

t S 12
v* e

v D G
1

b i

bi

v2

ki
2n t i

2

1

t S 12
v* e

v D 2

50. ~14!

Then

]~v/v* e!

]b
5

2h i~v/v* e21!

b ih i1t~h ibi21!ki
2n t i

2 /v2 . ~15!

As v/v* e,0 and h ibi.1,](v/v* e
)/]b is positive and

u](v/v* e
)/]bu decreases with increasingb and decreasing

uvu. The decrease ofuvu reduces the inverse Landau dampin
so that the growth rateg decreases. Both the mode frequen
and the growth rate will flatten gradually asb increases, as
has been verified by previous numerical results.8,15,16Merely,
with the usual parameters, the mode has already been s
before the frequency flattens too much. However, consid
ation of the“B effect makes the problem more complicat
since“B obviously reduces the mode frequency. In the lo
b regime this reduction reduces the growth rate, while
reduction makes the frequency so low thatb cannot affect
the frequency efficiently in the highb regime. Figure 2
shows how sensitively the frequency affects the stabi
property. Ashe decreases, the frequency increases and
growth rate decreases. Whenhe is less than 1, the mode ha
been stabilized before the frequency and the growth rate
ten though the fullb model is used.

On the other hand, the unstable modes are those
v;O(kin t i) because of the inverse Landau damping. B
then,ki is artificially chosen in the local model. In the non
local modelki5(x/Ls)ky , so those modes with very low
frequencies can be unstable in the smallx region. The nu-
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merical results in Figs. 3, 4, and 5 verify this point throu
the mode structure ink space andx space atb50, 0.01, and
0.1, respectively. A mode at highb is localized at a much
smaller length scale inx space than a mode at lowb. More-
over, the mode length scale ink space increases withb,
which implies that the differential approach is not approp
ate to deal with the problem in highb cases.

Figure 6 shows the mode frequency and the growth r
as functions ofh i for b50, 0.01, and 0.1. The mode i
destabilized not only at lowb but also at highb when h i

exceeds a finite value, which indicates the mode is driven
finite h i even though theh i dependence is weakened asb
increases. Moreover, the upperh i stability regime~i.e., g
,0 ash i.hup! exists in the lowb regime but is not found
in the highb regime.

The ky spectra for differentb are presented in Fig. 7
Similar with theh i dependence, the effect ofky is weakened
as b increases. This trend was also shown in previo
results8 using the lowb model.

In addition, the magnetic shear can stabilize the mo
even in the highb regime. Figure 8 shows the mode fre
quency and growth rate as functions ofLn /Ls for b50, 0.01,
and 0.1. Since the mode frequency increases with theLn /Ls ,
the highb mode is stable at highLn /Ls .

IV. CONCLUSIONS AND DISCUSSION

A series of integral equations is developed to study
slab drift instabilities in anyb plasmas. Both components o
the perturbed vector potential,Ãi and Ã2 , are considered in
the equations, as well as the perturbed electrostatic pote
f̃. The magnetic gradient effect is included to keep press
balance. The ITG modes are studied and found hardly st
lized by finiteb with the magnetic gradient effect inclusion
The stability property of the highb mode is sensitive to the
mode frequency. Generally speaking, the lower freque
modes are more difficult to be stabilized sinceb cannot ef-
fectively change the frequency in the low frequency regim
On the other hand, the magnetic shear can stabilize the
b mode.

The present study was performed in the slab geome
The two important events are the flattening of the freque
in the highb regime and the reducing of the frequency d
to the magnetic gradient. However, previous toroid
results11 in the low b limit did not reveal the picture of
frequency flattening withb. That is, the analyses and resu
in this work may not be appropriate for the toroidal syste
However, a general idea may be useful in the toroidal wo
A favorable factor in a simplified analysis~or in some special
conditions! may become an unfavorable factor in a comple
analysis~or in other conditions!. For example, the magneti
gradient enhances the finiteb stabilization effects on the lo
cal mode and the nonlocal mode in the high frequency
gime while results in the fact that the nonlocal mode can
be stabilized in the low frequency regime.

The ky spectrum shows that the highb ITG mode
spreads in a very wideky region. If the wavelength is so
short thatkyre;1, the electron temperature gradient driv
mode21 ~ETG mode! may dominate. Although the ETG mod
 license or copyright, see http://pop.aip.org/pop/copyright.jsp
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has a small perpendicular wavelength, its growth rate
found to greatly exceed the observedE3B shearing rate.22

The full kinetics of the electrons is taken into account in t
integral equations presented in this work. Therefore,
equations can be used to study the slab ETG mode with
any modification.
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